The separation energies of neutrons and protons, binding energies, mean square charge radii, electric quadrupole moments and deformation parameters of the proton and neutron distributions are evaluated for β stable even-even nuclei with 16 ≤ A ≤ 256. We compare the theoretical estimates obtained within the Hartree-Fock plus BCS model with a few sets of Skyrme forces, relativistic mean-field theory and frequently used Saxon-Woods and Nilsson potentials with experimental data.
Introduction
Mean field theory is a powerful tool for the description of low energy nuclear phenomena. Effective microscopic theories have been developed, the most fruitful being the HarteeFock calculations with effective density dependent interactions. Forces of Skyrme type [1, 2] with zero range or of Gogny [3, 4] type with finite range are among the most successful. In recent years a relativistic description of the ground state properties of nuclei has also been proposed. Relativistic mean field (RMF) theory has been quite successful in describing finite nuclei at β stability line as well as far away from it [5] .
Apart from the microscopic effective theories, the macroscopic-microscopic models have also been developed. The Nilsson [6] and the Saxon-Woods [7] potentials have been widely used providing satisfactory results.
For the effective theories and the macroscopic-microscopic shell correction models mentioned above several parameter sets have been proposed. The number of the parameters varies in the different approaches. They are usually determined by a global fit to various ground state nuclear properties of β stable nuclei. The scope is always a better description of the available data and a hope to achieve in this way a higher predictive power for nuclei far away from stability.
The aim of this work is to analyze the results of several effective mean-field theories and of the shell correction models for the description of separation energies, sizes and shapes of neutron and proton distributions in the ground state of the β-stable eveneven nuclei in a wide range of the mass numbers. The results are obtained using the most recent or frequently used parametrizations for each theory or model. This allows a systematic comparison of the different results of each theory close to β-stability. A reliable description of the nuclear ground state properties along the β-stability line is essential for a successful extrapolation to exotic nuclei as well as to superheavy nuclei.
In this paper we choose to investigate the Skyrme [1, 2] mean field theory and the RMF [5] theory together with average potential models of Nilsson [6, 8] and Saxon-Woods [9] type. The calculated quantities are the total binding energies (B), the proton (S p ) and neutron (S n ) separation energies, the mean square charge radii (MSR) and electric quadrupole moments (Q 2 ). The equilibrium deformations and root mean square radii (RMS) of proton and neutron distributions are also evaluated.
In Section 2 a brief discussion of the formalism used in each approach is presented. In Section 3 we give some details about the calculations and the observables under consideration. In Section 4 the results are presented and discussed. Finally in Section 5 the main conclusions are summarized.
The theoretical formalism
For a long time many results have been obtained by the macroscopic-microscopic model using phenomenological single-particle potentials. In the present investigation we have employed Nilsson and Saxon-Woods potentials. A short presentation of these models is given in Subsections 2.1 and 2.2.
Hartree-Fock approach based upon phenomenological density dependent zero range forces of Skyrme type has proved to be very successful in the microscopic description of ground state properties of nuclear matter and of finite nuclei over the entire periodic table. The Skyrme forces are presented in Subsection 2.3. In recent years relativistic mean field theory with nonlinear self-interactions between the mesons has gained in considerably interest for the investigations of low-energy phenomena in nuclear structure. With only a few phenomenological parameters such theories are able to give a quantitative description of ground state properties of spherical and deformed nuclei at the stability line and far away from it. In RMF theory the nucleons are described in a fully relativistic way as Dirac spinors ineracting via the exchange of various mesons. In that sense the theory appears to be more fundamental since both nucleonic and mesonic degrees of freedom are taken into account. Moreover, the spin-orbit interaction is treated correctly and no extra parameter is necessary. In the following (Subsection 2.4) we give a short description of the formalism of these theoretical approaches.
The single particle potential of Nilsson
The modified anisotropic harmonic oscillator potential was introduced by Nilsson in Ref. [6] for the quadrupole deformation (ε) and a few years later it was generalized in Ref. [8] for deformations of higher multipolarity (ε λ ). The single particle hamiltonian with the Nilsson potential has the following form in the stretched coordinates system
where ρ 2 = ξ 2 + η 2 + ζ 2 and the dimensionless stretched coordinates are defined as follows:
Here
The deformation dependence of the harmonic oscillator frequency ω 0 is obtained from the volume conservation condition
The frequencyh
• ω 0 of the spherical harmonic oscillator was taken from Ref. [10] h
The correction potential V corr in the Nilsson hamiltonian contains the spin-orbit (V ls ) and
which were taken in the form proposed in Ref. [11] :
The coeficients κ N l and ν N l are evaluated from the following expressions:
where R 0 = 1.2A 1/3 f m is nuclear radius, a = 0.7f m is the surface thickness and R N l (r) is the harmonic oscillator radial wave function. The correction term (6) in the Nilsson potential depends on three adjustable parameters only [11] : κ 0 = 0.021, κ 1 = 0.90 and ν 0 = 0.062 ,
which are valid in the all mass regions. The potential energy of nucleus is calculated by the shell correction method [12] with the final range liquid drop (FRLD) macroscopic term [13] which contains also several fenomenological parameters.
The single-particle potential of Saxon-Woods
The deformed Saxon-Woods potential is widely described in the literature [9] and we restrict ourselves to represent only the basic formulae. The potential consists of the central part V cent , the spin-orbit part V so and the Coulomb potential V Coul for the protons:
with
The central part is defined by:
where a is the diffuseness of the nuclear surface. The set of deformation parameters β λ , which characterize the nuclear shape, is denoted by β. The function l( r, β), describing the distance between the given point r and the nuclear surface has been determined numerically [9] . For spherical nuclei we have l( r, β = 0) = r − R 0 , where R 0 = r 0 A 1/3 , is the radius of the corresponding spherical nucleus.
The function c(β) insures the conservation of the nuclear volume with a change of the nuclear shape. The various sets of Saxon-Woods potential parameters are presented in Table 1 . The "universal" [9] , Wahlborn [7] , Rost [14] , Chepurnov [15] and the "new" [16] ones were chosen.
Effective mean field theory with Skyrme forces
Mean field theory of the Skyrme type starts from an energy functional, which is derived from a density dependent two-body interaction of the form:
where t 0 , t 1 , t 2 , t 3 , x 1 , x 2 , x 3 , w 0 and γ parameters are shown in Table 2 as 10 sets called:
. P σ is the spin exchange operator.
Using Slater determinants as variational functions the energy functional of a nucleus can be expressed as a volume integral:
where the energy density H( r) is a function of the nucleon density ρ, the kinetic energy density τ and spin density J. The total energy (17) has to be minimized with respect to the choice of the many-body wave functions, which leads to a non-linear eigenproblem with the corresponding mean-field hamiltonian.
The relativistic Hartree formalism
RMF theory is based on an effective lagrangian containing both nucleonic and mesonic degrees of freedom [5, 23] :
where M is the nucleon mass, m σ , m ω , m ρ are meson masses, and g σ , g ω , g ρ are meson coupling constants. The isovector quantities are indicated by arrow bars. In our approach we use the non-linear σ-ω-ρ model, that is we consider that the sigma mesons move in their non linear potential created by the other ones:
The parameters of RMF theory are gathered in Table 3 : NL-1 [25] , NL-3 [24] , NL-SH [26] . The classical variational principle yields a coupled set of equations of motion for the Dirac spinors and the fields: the Dirac equation for the nucleons, Klein Gordon equations for the meson fields and the Laplace equation for the Coulomb field. The solution of this non-linear set of coupled equations is carried out iteratively. The calculations for both the Skyrme mean field as well as the RMF theory have been carried out in the axial symmetric configuration using the oscillator expansion method [27] .
Details of the calculations
Since most of the nuclei considered here are open shell nuclei, pairing has been included using the BCS formalism. We have used constant pairing gaps for protons and neutrons which have been obtained from the empirical particle separation energies by the formulae:
It should be noted that for constant pairing gaps ∆ n(p) the pairing energy diverges if it is extended over an infinite configuration space. Therefore in all of our calculations a pairing window has been considered.
We have chosen nuclei with the smallest mass for a given nucleon number A. Obviously these nuclei are stable against β-decay. We have considered in our analysis the even-even nuclei with 16 ≤ A ≤ 256. For all these nuclei calculations for the total binding energy have been carried out.
For an estimate of the proton (neutron) separation energies an approximate method is proposed. It is known from the BCS theory that in order to separate a nucleon from an even-even nucleus one has to break the Cooper pair and to move this nucleon from the Fermi level (λ) to the continuum limit. This experimental relation can be written as follows:
The values of these 'experimental' Fermi energies (exp, diamonds) are plotted in 
The coefficients in Eqs. (24) and (25) were obtained by the least square fit to the experimental values of the Fermi energies of all β-stable nuclei. The average position of the Fermi level for neutrons is shifted down with respect to the Fermi level for protons by one electron mass as one would expect from general thermodynamical considerations. The values ofλ p andλ n [28] as well as the average MSR radii of nuclei [29] can be used to establish the depth and size of the average potential well for β-stable nuclei.
We are interested in quantities characterizing the neutron and proton distribution in nuclei, their sizes and shapes. Thus, we have performed systematic calculations of the proton and neutron mean square radii and of the proton and neutron deformation parameters β n(p ).
The charge radii were calculated from the corresponding proton radii taking into account the correction due to finite proton size:
We have neglected here the small contributions to the mean charge square radius originating from the electric neutron form factor and the electromagnetic spin-orbit coupling [30, 31] .
The global measure of the deformation of the neutron (or proton) distribution in the case of the microscopic theories can be expressed by the corresponding quadrupole moment < Q 2 > n,p =< 2r
Having the quadrupole and monopole moments we can estimate approximately the quadrupole deformation parameter β of the neutron (or proton) distribution [32] β n,p = π 5
where < Q 0 > n = N < r 2 > n and < Q 0 > p = Z < r 2 > p . This simple estimate for the quadrupole deformation is valid only for small deformation parameters β.
The reduced electric quadrupole transition between the rotational 2 + and 0 + states are proportional to the square of the proton quadrupole moment
4 Numerical results and discussion
Macroscopic-microscopic models
Using the single-particle Nilsson potential and the well known Strutinsky [12] shell correction method with the renormalisation to the finite range liquid droplet model [13] we have found the ground state deformations of all the investigated nuclei. We are not going to compare here the total binding energy of a nucleus with the experimental data because this observable is not only dependent on the potential but also on the macroscopic part. We know from the extended calculations made e.g. in Ref. [13] that the advanced macroscopic-microscopic model leads to very good estimates of the nuclear masses much closer to the experimental data than those obtained within the microscopic theories. One should keep in mind, however, the large number of parameters of these models as well as the large experimental input used for their determination.
Having the ground state deformations we have evaluated microscopically the mean square charge radii (MSR) and the reduced electric quadrupole transition probabilities (B(E2)) in the corresponding equilibrium points. The Nilsson model estimates of the radii r ch are plotted in Fig. 3 and of B(E2)-values in Fig. 4 . The theoretical results are compared with the experimental data taken from Refs. [33, 34] . It is seen in Fig.  3 that the Nilsson average potential reproduces very well the experimental trend of r ch in the whole range of A. The mean square deviation of the theoretical values from the experimental data is
The calculated B(E2) transition probabilities are also close to the experimental values:
Only in the region of A ≈ 220 are our estimates of B(E2) too large. It is probably due to the lack of octupole deformation of these heavy nuclei in our analysis. We have performed the calculations with the Nilsson potential for one set of the correction term parameters [11] valid in the whole range of A [35] . The infinite Nilsson potential is not adjusted for reproducing the separation energies of the neutron (S n ) or of the proton (S p ). We can easily obtain such estimates with the Saxon-Woods potential and we have performed an extensive calculation for five commonly used sets of parameters (see Table 1 ). The results are presented in Fig. 5 , where the differences between the theoretical and the experimental [28] separation energies of protons and neutrons are plotted. The best theoretical estimates of S n and S p were obtained with the Saxon-Woods potential of Chepurnov [15] . For the sake of comparison we present also the results for the commonly used 'universal' set of parameters [9] (Fig. 5) .
The mean square deviations between the theoretical and experimental values of S n , S p , B(E2) and r ch for all investigated Saxon-Woods models are plotted in Fig. 6 . It is seen that the Chepurnov set apart from the charge radii gives the smallest deviations from the experiment. For the charge radii r ch the other sets are somewhat better than Chepurnov parametrization.
Self-consistent theories
A similar analysis of the β-stable even-even nuclei features has also been performed within the Hartree-Fock model with density dependent Skyrme forces as well as within the RMF theory.
The root mean square errors for the neutron (S n ) and proton (S p ) separation energies, the binding energies per particle (B), the reduced transition probabilities (B(E2)) and charge radii (r ch ) were obtained within the HF+BCS scheme for ten different sets of the Skyrme forces (see Table 2 ). These mean square deviations are plotted in Fig. 7 . It is seen that on the average the predictions of m * and p effective forces are closest to the experiment. It is noted however, that the other sets give also quite reasonable predictions for certain observables.
We have also investigated the deviation of the calculated quantities from those of the empirical values as a function of the mass number. This is given in Fig. 8 for the parameter sets iii, p and m * . One cannot draw a firm conclusion as to which set is better. It should be noted, however, that the predictions of m * for the B(E2) transitions and the charge radii seem to be much closer to the empirical values than those for the other forces.
In Fig. 9 the neutron skin thickness (r n -r p ) is plotted against mass number A for the same three Skyrme sets. It is seen that for the iii set the smallest neutron skin thickness appears. The other two sets give similar results of the difference in radii not exceeding 0.15 fm. Finally in Fig. 10 the differences (β n -β p ) of the neutron and proton deformation parameters are shown. It is seen that the difference increases with the mass number. It is also seen that for heavier nuclei the proton distribution appears to be more deformed than the neutron distribution as was already noticed in Refs. [36, 37] .
A similar procedure was also followed for the RMF theory. In this case the parameter sets NL-1, NL-3, NL-SH (see Table 3 ) were employed.
In Fig. 11 the mean square deviations for the various observables calculated with the three parameter sets are shown. It is seen that all sets give satisfactory results with NL-3 and NL-SH being slightly better. In Fig. 12 the differences of the calculated values from the experimental ones are given as functions of the mass number. Especially the masses are reproduced much better with NL-3. In Figs. 13 and 14 the neutron skin and the difference of the proton neutron deformation parameters are plotted against mass number A. The behaviour is rather similar in all parametrizations. For NL-1 the neutron skin is larger than in the other two forces. This could be attributed to the large asymmetry energy of NL-1. The differences of the proton neutron deformation parameters show rather similar behaviour in all sets [36, 37] .
Conclusions
In this work a systematic study of the ground state properties of β stable nuclei has been performed within various effective microscopic theories and potential models. Best parametrizations among the most frequently used have been employed for each theoretical approach. The aim was an investigation of the behaviour of the various parameter sets over a wide range of mass numbers.
The best estimates of the mean square charge radii for the β-stable nuclei are obtained with the Nilsson potential with the parameters taken from Ref. [11] . It turned out that the Chepurnov [15] parametrization gives on the average the best results among the considered parameter sets of the Saxon-Woods potential.
For Skyrme theory the effective forces m * [20] and p [22] seem to give the most satisfactory results for the calculated observables.
In RMF theory the lagrangian parametrizations NL-1, NL-3 and NL-SH have been considered. The study showed that along β stability line all sets work well with the NL-3 [24] force being somewhat better, especially in the binding energy predictions.
A few more comments are in place:
1. In the microscopic theories (Skyrme or RMF) the neutron skin for the β-stable nuclei grows with A. In the Skyrme mean field the neutron mean square radii are larger than the proton ones by 0.15 fm for the heaviest isotopes. In the RMF theory the neutron skin is somewhat larger, being about 0.25 fm.
2. Both Skyrme mean field and RMF present a significant difference in the quadrupole deformation of the neutron and proton distributions, the protons distribution being more deformed than the neutrons one. This difference can become larger than 10% of the total magnitude of the deformation.
3. These two effects should be taken into account in the macroscopic-microscopic models, e.g. in the liquid droplet model plus the Strutinsky shell correction for the Saxon-Woods or Nilsson single particle levels. The effect of the different deformations of the proton and neutron distribution can be also important for the calculation of the fission barriers using potential models. This was already suggested in Ref. [36, 37] .
The different density distributions of protons and neutrons in a nucleus should be taken into account in all the calculations where the collective variables enter parametrically in order to minimize the potential energy of the nucleus. We think that it would be worthwhile to look at proton and neutron equilibrium deformation separately in the macroscopic-microscopic type of calculations.
9. The differences (diamonds) between the mean square radii of the neutron (r n ) and proton (r p ) density distributions evaluated within the HFB calculation with the iii, p and m * Skyrme forces (Table 2) for the nuclei along the β-stability line.
10. The difference (diamonds) between the quadrupole deformation of the neutron (β n ) and proton (β p ) density distributions obtained within the HFB calculation with the iii, p and m * Skyrme forces (Table 2) for the nuclei along the β-stability line.
11. The same as in Fig. 7 but for the estimated obtained within the RMF theory for NL-3, NL-SH and NL-1 sets of parameters (Table 3 ).
12. The same as in Fig. 8 but for the estimates obtained within the RMF theory for NL-3, NL-SH and NL-1 sets of parameters (Table 3) .
13. The same as in Fig. 9 but for the estimates obtained within the RMF theory for NL-3, NL-SH and NL-1 sets of parameters (Table 3 ).
14. The same as in Fig. 10 but for the estimates obtained within the RMF theory for NL-3, NL-SH and NL-1 sets of parameters (Table 3) . 
